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INTEGER SOLUTIONS OF LINEAR EQUATIONS 


Definitions and properties of the integer solutions of linear equations. 


Consider the following linear equation: 


(1) ye =b, 
i=l 


with all a, #0 and b in Z. 


Again, let h EN, and f, :Z' >Z, i= Ln. (Ln means: all integers from 1 to n). 


Definition 1. 


x, =x, i=1,n, isa particular integer solution of equation (1), if all x? € Z and 


n 
0 
Daa =b. 
i=1 


Definition 2. 
x, = f.(k,,....k,), i= 1,n , is the general integer solution of equation (1) if: 
a) Naf osk =b Yaska eZ", 

i=1 


b) For any particular integer solution of equation (1), x; = x° ,i= l,n , there exist 


(k?,.. k?) EZ’ such that x? = f(k?,...,k?) for all i=1,n {i. e. any particular integer 


solution can be extracted from the general integer solution by parameterization}. 


We will further see that the general integer solution can be expressed by linear 


functions. 


h 
For 1<i<n we consider the functions f, = Yok +d, with all c 


jj ij? 


j=l 


Definition 3. 


A =(c,),; is the matrix associated with the general solution of equation (1). 


Definition 4. 


d, eZ. 


The integers k,,...,k,, 1<s<h are independent if all the corresponding column 


vectors of matrix A are linearly independent. 


Definition 5. 


An integer solution is s-times undetermined if the maximal number of 


independent parameters is s. 


Theorem 1. The general integer solution of equation (1) is (n—1)-times 


undetermined. 


80 


Proof: 

We suppose that the particular integer solution is of the form: 

D x=} uP +v, i=1,n, withall u 
e=1 


P, are parameters of Z , while a<r<n-1. 


v EZ, 


ie? 


Let (x),....x°) be a general integer solution of equation (1) (we are not interested in 
the case when the equation does not have an integer solution). The solution: 





= 0 e = 
x, =a,k;+x;, j=l,n-1 


(et) 
x, = {24k = Xr | 


is undetermined (n — 1)-times (it can be easily checked that the order of the associated 


matrix is n—1). Hence, there are n—1 undetermined solutions. Let’s consider, in the 
general case, a solution be undetermined (n — 1)-times: 


n-1 z= 
x=) c,k;,+d,, i=1,n withall c,, d; eZ. 
j=1 


Consider the case when b = 0. 
Then 


Jax =0. 
i=1 
It follows: 
n n (2-1 \ n n—l n 
ax, = 2a: | 2 ck, T d: | =) a2 ck; +2 ad; = 0. 
i=1 i=1 j=1 i=1 j=1 i=1 
For k,=0, j=1,n—1 it follows that Saa, =0. 
i=l 
For k, =1 and k,=0, j # jo, it follows that ac; =0. 


i=1 
Let’s consider the homogenous linear system of n equations with n unknowns: 


Sao, j=l,n-1 
i=1 


Fd =ù 
i=1 
which, obviously, has the solution x,=a,, i= In different from the trivial one. Hence 


the determinant of the system is zero, i.e., the vectors c= iah j=l,n-1, 


D= (d, nad, y are linearly dependent. 
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But the solution being (n — 1)-times undetermined it shows that c p J= l,n—1 are 


linearly independent. Then Cernea] determines a free sub-module Z of order n—1 in 
Z,, of solutions for the given equation. 
Let’s see what can we obtain from (2). We have: 


n n r 
0= Fax = rü (Eur + v] f 
i=1 i=1 e=1 


As above, we obtain: 
n 
day, =0 and Zan, =0 = 
i=1 


similarly, the vectors U, = (u, sa) are linearly independent, h = lr, U y h= Lr are 
V= ov, ) particular integer solutions of the homogenous linear equation. 

Sub-case (a1) 

U,h=1,rare linearly dependent. This gives {U,,...,U,}= the free sub-module of 
order r in Z” of solutions of the equation. Hence, there are solutions from {V,,...,V,_,} 
which are not from {UnU Y; this contradicts the fact that (2) is the general integer 


solution. 
Sub-case (a2) 
U, h=1,r, V are linearly independent. Then {U,,...,U,}+V is a linear variety 


of the dimension < n-1 = dim{V,,...,V, 


n- 


i? and the conclusion can be similarly drawn. 


Consider the case when b #0. So, Saw =b 
i=1 


Then: 


n- n-1 n 
$al Sek +d)= (Secs k + Dad = by W(Kysok, i) EZ. 
=] j= 





As in the previous case, we obtain Said =b and Sac, =0, Vj=l1n-1. 


i=1 i=l 
t a wa ae . . . . 
The vectors c = CARN , j=1,n-—1, are linearly independent because the solution is 
undetermined (n — 1)-times. 


Conversely, if c,,... D (where D = (dras „d ,) ) were linearly dependent, it 


-C n-1? 
n-1 


would mean that D = Ès jc; with all s, scalar; it would also mean that 
j=l 


b= Sua = Sa Las «| = 5 a [S40 = 
i=l i=l 


j=l i=l 


This is impossible. 
(3) Then {¢,,...,c,,}+D isa linear variety. 
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Let us see what we can obtain from (2). We have: 
b= Sax = Sa (Eur H v z SfE an) Ept Say, 
i=1 i=l e=1 e=1 \ i=1 i=] 


and, similarly: day, =b and Sau, =0, Ye=l,r, respectively. The vectors 
i=l i=l 
U, = (eset) > e=],r are linearly independent because the solution is undetermined 
r -times. 
A procedure like that applied in (3) shows that U,,...,U,, V are linearly 


independent, where V =(y,,...,¥, ie Then {U,,...,U,}+V = a linear variety = free sub- 
module of order r<n—1. That is, we can find vectors from {c,,...,¢,_,}-+D which are 
not from LO Peres Se +V , contradicting the “general” characteristic of the integer number 


solution. Hence, the general integer solution is undetermined (n E 1)-times. 


Theorem 2. The general integer solution of the homogeneous linear equation 


Sak; =0 (all a, € Z\ {0} ) can be written under the form: 
i=1 


n=l 
(4) X; = ks i=l,n 
j=l 


(with d, =...=d,=0). 
Definition 6. This is called the standard form of the general integer solution of a 
homogeneous linear equation. 
Proof: 
We consider the general integer solution under the form: 
n-l 
i) OP erin 
j=l 


with not all d,=0. We’ll show that it can be written under the form (4). The 


homogeneous equation has the trivial solution x,=0, i =],n. There is 
n-1 


(vp)... pia eZ" such that Sep, +d,=0, Vi= Ln. 
jel 


Substituting: P,=k,+p,, j=1n—1 in the form shown at the beginning of the 
demonstration, we will obtain form (4). We have to mention that the substitution does not 
diminish the degree of generality as P, «eZ << k, eZ because j=1,n-1. 


Theorem 3. The general integer solution of a non-homogeneous linear equation is 
equal to the general integer solution of its associated homogeneous linear equation plus 
any particular integer solution of the non-homogeneous linear equation. 

Proof: 
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Let’s consider that x, = ye i=l,n, is the general integer solution of the 
j=l 
associated homogeneous linear equation and, again, let x; =v, i= In, be a particular 
integer solution of the non-homogeneous linear equation. Then x, = Sak m, i= Ln, 
j=l 
is the general integer solution of the non-homogeneous linear ain, 


Actually, Yax, = Ya, Sto “| = vig [Sta |» Yay, =b; 
i=l i=l j=l i=l j=l i=l 


if x,=x,, i=l,n, is a particular integer solution of the non-homogeneous linear 





equation, then x,=x,-—v,, i=1,n, is a particular integer solution of the homogeneous 


linear equation: hence, there is (k?,..., k?) €Z"' such that 


0 0 > "E 
Sak =x -v, Vi=l,n, 


yj 


Sok +v, =x°, Vi=l,n, 


yJ 





which was to be proven. 


n-—l a: 
Theorem 4. If x = Sek ;, t=1,n is the general integer solution of a 
j=l 
homogeneous linear equation (esses) ~1 Vj=l,n-1. 
The demonstration is done by reduction ad absurdum. If 3j, 1< j <n—1 such 


that (eon di + +1, then c, = ed with leas = 1, Yi=l,n. 


But x =c i=l,n, represents a particular integer solution as 


i Yio? 


n n n 
an = Zac, =1/d; acy, =0 
i=1 i=1 i=l 


(because x; = c> i=],n isa particular integer solution from the general integer 


solution by introducing k, =1 and k,=0, j=# j,. But the particular integer solution 


= cle i=1,n, cannot be obtained by introducing integer number parameters (as it 


should) from the general integer solution, as from the linear system of n equations and 
n—1 unknowns, which is compatible. We obtain: 


i=l,n. 


X, = S ekte, d.k. =c 
j=1 


ü j “ijo jo “jo “io? 
J#Jo 
Leaving aside the last equation — which is a linear combination of other n-— 1 
equations — a Kramerian system is obtained, as follows: 
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C 








n-\n-1 


Cran Cnt jy j, eC 


Therefore the assumption is false (end of demonstration). 


Theorem 5. Considering the equation (1) with (4,,...,4,)~1, b=0 and the 
n-1 

general integer solution x, = 2. ick 
j=l 


yKj> i=1,n, then 


(apea andn) ~ (Cabes) Vi=l,n. 


Proof: 
The demonstration is done by double divisibility. 


Let’s consider i, 1<i, <n arbitrary but fixed. x, Se k,. Consider the 


equation Tax =-—a X, . We have shown that x,=c,, i= In isa particular integer 


lo ij? 


itig 
solution irrespective of j, a<j<n-1. 


The equation Sax, =-a,c,, obviously, has the integer solution x, = c, 


ig Cig j ip LFly. 
itig 


Then (issa; pa; P divides —a,c,, as we have assumed, it follows that 
0 0 0 los 


(a,,...,a,)~1, and it follows that bai ee, eee oc Na irrespective of j. Hence 


(Career ene eee) (rent N T Vi=l,n, and the divisibility in one sense was 
proven. 

Inverse divisibility: 

Let us suppose the contrary and consider that Ji el,n for which 
[ditt A ed yea N we have considered d,, and d,, 
without restricting the generality. d,,Ild,, according to the first part of the 
demonstration. Hence, 3d €Z such that d,, =d-d, d|+1. 


i1? 





-l 


= Leh hj j =d. 46h j > 


Jel 


a;X; 29 as =—-a,Xx eae, =-a,d- dei b 


i=1 iFi, iFi, 


= 
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where (¢,,,. c )~1. 


9 Cin- 
The non-homogeneous linear equation zak =-a,d,, has the integer solution 
iFi, 


because a,d,, is divisible by CEEE ET Let’s consider that x, =x , i+}, 


is its particular integer solution. It follows that the equation Fur, =0 the particular 
i=] 
solution x, = es i#i,, x, =d, , which is written as (5). We’ll show that (5) cannot be 


L 


obtained from the general solution by integer number parameters: 


But the equation (6) does not have an integer solution because d:d,,ld,, thus, 
contradicting, the “general” characteristic of the integer solution. 
As a conclusion we can write: 


Theorem 6. Let’s consider the homogeneous linear equation Sax, =0, with all 
i=1 


a, €Z\{0\ and (a,...,4,)~1. 
h =S 
Let x, = ek i=l,n, with all c, €Z, all k, integer parameters and let’s 
j=l 


consider h eN be a general integer solution of the equation. Then, 
1) the solution is undetermined (n — 1)-times; 


2) Vj=l1,n-1 we have (rre c ) ~l; 


nj 
3) Vi=l1,n we have (cps-5Cm1) ~ (Qa i a14, )- 


The proof results from theorems 1,4 and 5. 


Note 1. The only equation of the form (1) that is undetermined n -times is the 
trivial equation 0-x,+...+0-x, =0. 


Note 2. The converse of theorem 6 is not true. 


Counterexample: 
x,=-k,+ k, 
(7) x, = 5k, + 3k, 
x,=7k,-—k,; kk, eZ 
is not the general integer solution of the equation 
(8) —13x, + 3x, — 4x, =0 
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although the solution (7) verifies the points 1), 2) and 3) of theorem 6. (1, 7, 2) is the 
particular integer solution of (8) but cannot be obtained by introducing integer number 
parameters in (7) because from 


-k + k,=1 
5k +3k, =7 
Tk- k, =2 


it follows that k = ¢Z and k= : g Z (unique roots). 
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